We present a combined analytical and numerical micromagnetic study of the equilibrium energy, size and shape of anti-skyrmionic magnetic configurations. Anti-skyrmions can be stabilized when the Dzyaloshinskii-Moriya interaction has opposite signs along two orthogonal in-plane directions, breaking the magnetic circular symmetry. We compare the equilibrium energy, size and shape of anti-skyrmions and skyrmions that are stabilized respectively in environments with anisotropic and isotropic Dzyaloshinskii-Moriya interaction, but with the same strength of the magnetic interactions. When the dipolar interactions are neglected the skyrmion and the anti-skyrmion have the same energy, shape and size in their respective environment. However, when dipolar interactions are considered, the energy of the anti-skyrmion is strongly reduced and its equilibrium size increased with respect to the skyrmion. While the skyrmion configuration shows homochiral Néel magnetization rotations, anti-skyrmions show partly Néel and partly Bloch rotations. The latter do not produce magnetic charges and thus cost less dipolar energy. Both magnetic configurations are stable when the magnetic energies almost cancel each other, which means that a small variation of one parameter can drastically change their configuration, size and energy.
INTRODUCTION
The prediction [1, 2] and first experimental observations [3] [4] [5] [6] [7] of skyrmions has led to a huge increase of research on materials suitable for hosting this kind of structures. Skyrmions are chiral magnetic solitons, which can be stabilized by a chiral interaction like the Dzyaloshinskii-Moriya interaction (DMI) [8, 9] or by dipolar interactions. DMI is an anti-symmetric exchange interaction that favors perpendicular alignment between neighboring moments, which may exist in systems that lack a structural inversion symmetry. The presence of anisotropic DMI with opposite signs along two perpendicular directions can stabilize anti-skyrmions [10, 11] . Skyrmions (Sk) and anti-skyrmions (ASk) are characterized by their topological charge N sk [12] . It yields some of their most fascinating properties, such as the topological Hall effect [13, 14] or the topological gyroscopic effect, also called the skyrmion Hall effect [15] [16] [17] . In a continuous-field approximation N sk can be written as the integral on the space (r, α) that counts how many times the magnetization m wraps the unit sphere [12] .
dθ dr dφ dα sin θ dr dα = pW = ±1 (1) where θ and φ are the polar and azimuthal coordinates of m ( Fig. 1 and 2 ), p describes the direction of magnetization in the core of the texture [p = cos θ(r = 0), with θ(r = 0) = 0 or π] and W = [φ(α)] α=2π α=0 /2π = ±1 is the winding number. Both Sk and ASk can thus have topological charge +1 or −1, but they have opposite winding numbers ( dφ dα = 1 for a Sk and dφ dα = −1 for an ASk) and hence opposite topological charges for a given direction of the core magnetization p.
Sk have been observed both in bulk materials and thin films [3] [4] [5] [6] [7] . ASk have been observed in bulk materials [18] , but not yet in thin film systems. The reason is that most thin film systems showing DMI studied until now were polycrystalline, leading to the same sign and strength of the DMI along any in-plane direction. In order to stabilize ASk in thin films with perpendicular magnetization, the sign of DMI has to be opposite along two in-plane directions of the film. This may occur in epitaxial thin films with a C 2v symmetry [10, 11, 19] . For a Au/Co/W(110) thin film with C 2v symmetry, we have recently shown experimentally that the crystal symmetry can indeed give rise to an anisotropic DMI [10] . In this system, the DMI is 2.5 times larger along the bcc[110] direction than along the bcc[001] direction, but has the same sign. It was shown theoretically that an opposite sign of the DMI, needed for ASk, may be found for instance in a Fe/W(110) thin film [11] .
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The Sk and ASk dynamics has already been theoretically investigated. If we consider the dynamics driven by spin-polarized currents, we can distinguish two main effects. The first is due to the different torques acting on the moment configurations, leading to a motion which keeps the same angle with respect to the current direction for Sk, while it is strongly anisotropic for ASk [20] . The second is given by the topological gyroscopic effect (skyrmion Hall effect) [16, 17, 21] . In the same ferromagnetic state, the two magnetic configurations have opposite topological numbers, leading to opposite lateral deviations [22, 23] . The combination of the two effects leads to the suppression or enhancement of the ASk transverse motion depending on the current directions [20] . Moreover, the coupling of a Sk and an ASk may lead to the absence of a skyrmion Hall effect [20] .
A numerical micromagnetic study of the stability of Sk and ASk in frustrated ferromagnets has been reported by Xichao et al. [24] . They evidenced the role of the dipolar interaction in the ASk stabilization. Our paper presents a complete combined analytical and numerical micromagnetic study of the equilibrium energy, size and shape of ASk in ferromagnetic thin films where the DMI has the same strength but opposite signs along two orthogonal in-plane directions. We point out the quantitative differences with the Sk magnetic configuration. The paper is divided into two parts. In the first part we show that the micromagnetic energy of an ASk can be written in a circular symmetric form and that neglecting the dipolar interaction the ASk and the Sk have the same equilibrium size, shape and energy. In the second part we investigate the influence of the difference in dipolar energy on both the stability and the equilibrium shapes and sizes of Sk and ASk.
ANTI-SKYRMIONS IN THE ABSENCE OF LONG-RANGE DIPOLAR INTERACTIONS
It has been shown that skyrmionic configurations can be stabilized by DMI and/or dipolar interactions (in thin films) ( [25] [26] [27] [28] ). For a small Sk, the long-range dipolar interaction can be neglected [29] . Sks are then stabilized only by the competition between DMI, exchange and magnetic anisotropy [1] which we consider in this part. We develop micromagnetic calculations in order to study the energy and the size of Sk and ASk configurations.
Using the notation of the Lifshitz invariants L
∂i , the total micromagnetic DM energy can be written as :
where D x and D y are the DMI strengths along the x and y directions, m x , m y and m z are the components of the unit magnetization vector m and t is the film thickness. We focus on the simplest case where the absolute value of the DMI is equal along the principal directions x and y, with the same sign for skyrmions (D x = D y ) but opposite in sign for anti-skyrmions (D x = −D y ). The condition D x = −D y can be found, for example, in D2d and S4 crystal symmetry classes [1] . In that case, the micromagnetic DM energy for an anti-skyrmion can be written as :
where D = D x . For simplicity, the exchange E ex and magnetic anisotropy E K energies are considered to be isotropic in the thin film plane (x, y) :
with A the exchange stiffness and (∇m) 2 = (∂m/∂x) 2 + (∂m/∂y) 2 , and
The only dipolar interaction taken into account is the one due to magnetic surface charges, which in a local approximation can be treated as an effective anisotropy :
, where K 0 is the sum of the magneto-crystalline and interface anisotropies. Here we consider a system with perpendicular anisotropy, therefore K eff > 0. The anisotropy and the exchange do not depend on the in-plane magnetization, and therefore they are the same for a Sk and an ASk of the same size.
The formulation of the complete micromagnetic energy for an arbitrary magnetization texture involves a large number of degrees of freedom. They can be strongly reduced using circular symmetry as it was done to solve the Sk profile [25] . However the circular symmetry is broken for an ASk by the presence of the chiral inversion. To approach this problem, we first consider a 1D modulation, propagating in an arbitrary direction in the plane. Then we use the obtained result to solve the ASk 2D profile.
1D modulation
In the general case of isotropic DMI (D x = D y ) the energy is an invariant upon in-plane framework rotation. Here, we consider a C 2v symmetry plane, where the DMI has opposite chirality along perpendicular directions (D x = −D y ). In this system we introduce a 1D modulation propagating in a direction u oriented at an angle α with respect to the x axis (Fig. 2 ). Indeed in the rotated framework (u, v), the integrated Dzyaloshinskii-Moriya interaction for the 1D modulation reads:
This form promotes Néel type modulations with opposite chiralities for α = 0 or π/2, and chiral Bloch type modulations for α = π/4 and 3π/4 [10] . Along the modulation, the magnetization m lies in the (p, z) plane, where p represents the modulation polarization ( Fig. 2) . It is therefore characterized by θ(u), the angle between m(u) and the z axis, and φ, the angle between p and the x axis. The micromagnetic energy per unit width becomes :
Notice that the first (Heisenberg exchange, with exchange stiffness A) and third (effective magnetic anisotropy) terms do not depend on the propagation direction u nor on the polarization p. On the contrary, the local density of Dzyaloshinskii-Moriya energy is strongly affected. Hence the polarization direction can be determined by minimizing the DMI term −D cos(α + φ). Therefore, for positive (resp. negative) D, we find φ = −α (resp. φ = −α + π). Such a relation exactly corresponds to the one requested for negative winding numbers (ASk). When this condition is fulfilled, the energy of the moment modulation can be formulated as a radial invariant. The micromagnetic energy per unit width of the 1D modulation becomes:
This indicates that for a given θ(u) the energy is independent of α. Only p (i.e. the in-plane component of the spin modulation in Fig. 2 ) needs to adapt to the anisotropic DMI. According to the specific values of A, D and K eff , domain walls or spin-spirals are found with the same out-of-plane profile, as discussed in earlier papers [25, 28] . This means that an isotropic modulation (φ = α) in an isotropic environment (D x = D y ) has the same energy as an anisotropic modulation (φ = −α) in an anisotropic environment (D x = −D y ).
2D texture
We extend the above calculation to a 2D texture. The texture is described by the two angles θ(r, α) and φ(α), defined as before, and where r and α are the circular coordinates in the (x, y) plane. The result of the 1D investigation shows that the relation φ = −α is conserved. Therefore, the micromagnetic energy is isotropic, θ does not depend on α and the problem can be evaluated using a circular symmetry, with the total energy
This equation is exactly the same as the one describing a Sk in a medium with isotropic DMI [1] . It is analogous to the calculation of Belavin and Polyakov [30] , who demonstrated that the exchange energy of a bubble does not depend on the sign of dφ/dα. This means that, for a given set of A, D and K eff , the ASk texture has a profile and an energy identical to a Sk in an isotropic medium [1] . All the conclusions that have been drawn in preceding papers neglecting long range dipolar coupling remain valid (boundary conditions, out-of-plane profiles and energies) [25, 28] . The only difference between the two configurations is the φ(α) relationship; φ = α for a Sk (W = 1) and φ = −α for an ASk (W = −1). In order to verify the validity of our analytical results we have performed micromagnetic simulations without dipolar interactions.
We used an adaptation of the object-oriented micromagnetic framework code (OOMMF) [28, 31] including anisotropic DMI (see Fig. 3 ). The calculation is performed in a 400-nm diameter, 0.6-nm thick circular dot with typical magnetic parameters for systems where isolated skyrmions have been experimentally observed (A = 16 pJ/m, K eff = 0.2 MJ/m 3 and D = 2 mJ/m 2 ) [7] . Comparing Sk and ASk obtained respectively with D x /D y = 1 and −1, identical energies and out-of-plane profiles are found. The φ(α) relationship is confirmed validating the different assumptions in our model (in particular the hypothesis that φ is independent on r). 
ROLE OF DIPOLAR COUPLING
Determining the role of dipolar interactions on the stabilization of Sk with micromagnetic analytical calculations is particularly difficult. This interaction has often been neglected [25] [26] [27] [28] or analytically expressed under approximations [32] [33] [34] . The two-fold symmetry of the ASk magnetic configuration does not allow using a circular symmetry, increasing the difficulty of this approach. Therefore, we performed a study of the dipolar interaction effects on the Sk and ASk configurations with the support of micromagnetic simulations using OOMMF [31] with an anisotropic DMI. For stabilizing Sk and ASk in the absence of an external magnetic field, we confine them into 0.6 nm thick circular dots with a diameter of 400 nm, using a mesh size of 1 nm.
Phenomenology of dipolar interactions
The effect of the dipolar interaction on the size and stability of Sk and ASk in a dot can be phenomenologically understood considering the contributions from the surface and volume charges.
Magnetic surface charges σ arise when the magnetization vector has a component along the surface normal n, i.e. σ = M S m · n. In a perpendicular thin film, they arise from the two surfaces of the film. Therefore, the texture core and the surroundings display opposite charge signs and the energy due to the dipolar interaction is reduced when the magnetic flux closes between the core and the surroudings [7, 33] . Therefore a Sk or an ASk configuration confined in a dot tends to increase its radius in order to demagnetize the system [7, 33] . The surface charges do not depend on the in-plane magnetization and the associated dipolar interaction is identical for a Sk and an ASk with the same shape and area.
Magnetic volume charges are generated from the volume magnetization divergence and are therefore present in the vicinity of magnetic textures, and strongly depend on their details. The maps of the volume charges for a Sk and an ASk configuration are shown in Fig. 4 . The Sk maps present a circular symmetry and the volume charges arise from the Néel-like magnetization rotation. The ASk maps shows a 2-fold symmetry and the presence of Bloch-like rotations along intermediate directions (φ = π/4 + nπ/2). For the ASk, the charges are maximum along the main axes x and y, due to the Néel type rotations. However, the signs along x and y are opposite due to the opposite chirality.
The impact of the volume charges can be decomposed in two effects. First, the charges locally increase the energy of the transition region, in the same manner as for a linear domain wall. The dipolar energy cost of a domain wall oriented at an angle α with respect to the x axis is δ N cos 2 (φ − α), where δ N corresponds to the dipolar cost of a Néel wall [35] . For a large Sk or ASk, such arguments based on the energy of a linear domain wall remain qualitatively valid [28] and lead to a significant difference between the two textures. For a skyrmion, where φ = α the dipolar energy is isotropic, equal to δ N , while for an anti-skyrmion, where φ = −α, the energy strongly varies as a function of α and becomes zero in the regions where the spin rotations are Bloch-like. Considering a circular texture of radius R, the additional cost to the dipolar-free micromagnetic energy described earlier is 2πtRδ N and πtRδ N for skyrmions and antiskyrmions, respectively. This means that anti-skyrmions are expected to display a lower energy and a larger equilibrium diameter than skyrmions. A second effect couples the flux arising from the volume charges over the entire texture. Inside a skyrmion, the charges have the same sign everywhere, opposite to the sign outside the texture.
On the contrary, both inside and outside an anti-skyrmion the charges have signs that are opposite along the main axes. The total volume charges both inside and outside the texture thus cancel leading to a further decrease of the dipolar energy with respect to the skyrmion. The total energy of the ASk is thus reduced with respect to the Sk due to the difference in the distribution of volume magnetic charges. Moreover, the presence of anisotropic volume charges may deform the ASk shape, as we will discuss later. Consequences for the stability of anti-skyrmions
To investigate in more detail the effect of the dipolar interaction on the stability and shape of Sk and ASk, we studied their energy and radius as a function of the spontaneous magnetization M s (Fig. 5) . In order to consider only the effects of the volume charges and the flux closure of the surface charges we keep K eff constant during the variation of M s and use the same parameters as in the simulations with simplied dipolar interactions in Fig. 3 . M s was varied between 0.1 · 10 6 A/m and 1.8 · 10 6 A/m. In Fig. 5(a) the Sk and ASk energies are considered as the energy difference between a dot with a Sk or an ASk and its relative single domain state. Taking this difference allows eliminating the effect of the DMI on the edge magnetization [28, 36] . Since the ASk can present a shape which is not circular, we consider an effective radius (r = A/π) calculated from the area A. We considerA as the space region of the Sk and ASk where m z > 0. For small values of M s the Sk and the ASk are mainly stabilized by the competition between the exchange, anisotropy and DMI [29] that were shown to be equal for Sk and ASk. The dipolar interaction is negligible and the Sk and the ASk have comparable energy and radius. When M s increases the dipolar interaction plays a larger role. The Sk and ASk radii increase (Fig. 5(b) ) to allow a more efficient flux closure between the surface magnetic charges. Both configurations lower the energy but the difference in volume charges favors the ASk. When for larger M s the dipolar energy becomes larger than the DMI energy, the total energy of the Sk and the ASk decreases and their radius increases until they feel the repulsive effect from the dot edge [28] . In this regime, the Sk and ASk shape and dimensions strongly depend on the symmetry and size of the microstructures in which they are confined and the volume charges become the driving force for defining the magnetic configuration.
Upon increasing M s , the ASk changes its shape in order to promote Bloch-like rotations, which do not generate volume charges and thus cost less dipolar energy. Because DMI promotes Bloch-like rotations along intermediate crystallographic directions (φ = π/4 + nπ/2) the ASk has the tendency to acquire a square shape (Fig. 6 ) [37] . This configuration allows increasing the ratio between Bloch and Néel rotations. Even if the total domain wall length increases going from a circular to a square shape, this can still lead to a minimisation of the total DMI and dipolar energy.
In order to quantify this tendency, we calculate the normalized circularity factor C n = 4πA/P 2 −π/4 1−π/4
, where A and P are, respectively, the area and the perimeter of the texture (set of points where m z = 0). This normalized circularity factor may vary from C = 1 (circle) to C = 0 (square). The Sk has a circular symmetry and this factor is thus equal to 1 [37] . Fig. 6 shows the plot For small values of M s the volume charges do not influence the ASk shape, the circularity is equal to C = 1 and does not depend on the dot size. For larger M s values the moment rotation with an angle (φ = π/4 + nπ/2) is favored and the ASk circularity decreases upon increasing M s . In small dots, the confinement does not allow the ASk to expand, and constrains the texture shape to the dot shape. In larger dots, the ASk shape adapts to the internal energies, which results in a shape closer to the square configuration. Increasing the dot size even further, the ASk configuration becomes unstable for these large values of M s and a labyrinth-like domain structure is formed.
Finally, in order to have a numerical confirmation of the Sk and ASk stabilization mechanisms, we studied the energies as a function of the Sk and ASk radius for a given value of M s . We choose M s = 1.25 · 10 6 A/m in order to study the regime where the dipolar interactions are important. These simulations were performed starting from two different initial states, respectively with a radius larger and smaller than the equilibrium one. The conjugate gradient minimization algorithm has been used for minimizing the energy, starting from these initial states. During the relaxation towards equilibrium, all the components of the Sk and ASk energies have been tracked as a function of the radius, i.e. for each minimization step Fig. 7(a,b) ]. Implicitly we suppose here that the configurations follow a physical minimum energy path, which is not necessarily always the case as shown using more complex methods [38] [39] [40] [41] [42] . In order to confirm our results, we compared the obtained energy with the analytical results, as a function of the texture diameter. In both approaches the anisotropy and the DMI energies are proportional to the radius as expected.
Upon diameter increase, anisotropy and exchange energies increase and DMI and dipolar energies decrease, all almost linearly. The balance between these terms is rather subtle as all these energies almost compensate (the absolute value of the total energy is more than one order of magnitude smaller than the absolute value of any of the separate energies). In Fig. 7(c) we show that for a given set of magnetic parameters the ASk is more stable than the Sk and it has a bigger radius. It can be understood considering Fig. 7(d) where the behavior of the DMI and of the dipolar interaction energies are compared as a function of the radius. One can notice that the DMI has the same behavior for the Sk and ASk, unlike the dipolar energy, which upon increasing radius decreases faster for the ASk than for the Sk. This difference is the fundamental reason for the energy difference between the Sk and the ASk. Even if this difference at equilibrium is not visible in the energy range shown in Fig. 7(d) it becomes fundamental in the anti-skyrmion/skyrmion energy range Fig. 7(c) . Indeed the Sk and ASk configurations are determined by the competition between all the magnetic energies and any small variation of one of the energies can imply a strong change of the Sk and ASk energy and radius.
CONCLUSIONS
We have shown that when the dipolar interactions are neglected it is possible to write the ASk energy in a circular symmetric form. The Sk and the ASk in systems with different symmetry but the same strength of magnetic interactions have the same size and stability energy. The presence of dipolar interactions breaks the circular symmetry of the ASk energy. With the support of micromagnetic simulations we have studied the energy and the shape of Sk and ASk as a function of M s and explain the role of the dipolar interaction. We can distinguish three different effects. The interaction due to the surface charges does not break the circular symmetry and stabilizes in the same way Sk and ASk. The volume charges depend on the in-plane moment configuration. While the Sk configuration shows homochiral Néel moment rotation, anti-skyrmions show partly Néel and partly Bloch rotations. The latter do not produce magnetic charges. The ASk configuration is therefore more stable and the tendency to favor Bloch rotations induces a square shape. Moreover the presence of Néel rotations with different chirality induces a partial flux closure effect and further increases the ASk stability. Since both Sk and ASk are stable when all the magnetic energies cancel each other, a small variation of a single parameter like the dipolar energy can have a large influence on the shape and energy of the textures.
